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ABSTRACT
A sufficient condition for maser instability in a weakly magnetized relativistic plasma with an isotropic
particle distribution function is given. The maser growth rates and polarizations are computed starting from the
exact dielectric permittivity tensor of a magnetized plasma. For very weak magnetic fields, our results confirm
the approximate validity of the ’standard maser theory’, which is based on the Einstein coefficients method,
with one significant exception. For inclined propagation and realistic (small but finite) field, the growth rates
of the two (nearly circular) polarizations differ significantly, while the standard theory predicts two (nearly
circular) polarizations with similar growth rates. We show that this deviation is due to circularly polarized
synchrotron emission, which is neglected in the standard theory.
The maser is shown to grow slower than Langmuir waves. Nevertheless, significant generation of EM waves
is seen in (highly simplified) direct numerical simulations. We study the nonlinear saturation of the maser in-
stability and find that it offers a mechanism for the conversion of a significant fraction of the plasma energy into
radio waves. We briefly discuss the conditions under which the maser instability may operate in astrophysical
sources, and provide rough estimates that may be used as a guidance when studying particular astrophysical
sources/phenomena.
Subject headings: masers–stars:neutron–supernovae:general
1. INTRODUCTION
Collisionless shocks are responsible for many, if not most,
of high-energy astrophysics phenomena. In particular, Wax-
man (2017) proposed that Fast Radio Bursts (FRB) are emit-
ted by a maser instability in a plasma created by a colli-
sionless shock. Waxman (2017) assumes that a collisionless
shock creates a plasma with ultrarelativistic weakly magne-
tized electrons with a ”hollow” distribution function (with
particle density that increases with momentum, see § 2 for
an exact definition). The maser instability is then calculated
as in Sagiv & Waxman (2002), following the general method-
ology of Ginzburg (1989) – to which we refer as the ’stan-
dard maser theory’. The motivation for suggesting that colli-
sionless shocks produce hollow distributions is based on the
fact that plasma instabilities are expected to isotropize the mo-
menta of the streaming particles faster than they facilitate full
quasi-thermalization.
The maser of Sagiv & Waxman (2002) can be described by
the standard maser theory only if the magnetic field is very
weak. Even for a weak field, the standard theory is based on a
number of additional approximations, most notably, assump-
tions regarding the polarization of the maser modes. Besides,
the standard maser theory ignores the non-electromagnetic
plasma modes, which may grow faster than the maser and
change the plasma distribution function before the maser de-
velops. The main purpose of our current paper is to check
the validity of the standard maser theory by an exact brute-
force computation of the plasma instabilities. The derivations,
given in § 4 and § 5, are quite involved. We therefore open
with a concise presentation of our findings in § 2.
In § 3 we discuss the relevance of this type of maser in as-
trophysics, but already here we must address one obvious is-
sue. As we will show, weakly magnetized ultra-relativistic
electrons with an isotropic hollow distribution function do
emit maser radio waves. However, we certainly do not know
whether or not such hollow distributions are indeed created by
collisionless shocks. At present, we do not have a complete
theory of collisionless shocks, that will enable one to answer
this question. In particular, numerical simulations (e.g. Sironi
et al. 2015) describe only the very initial stages of the shock
evolution. However, in a forthcoming paper we make an ar-
gument (based on looking at a large collection of numerical
results) that relativistic collisionless shocks inevitably emit
radio waves, at about the plasma frequency, at about 0.1–1%
efficiency. It might even be hard to say if the maser or other
mechanisms (discussed in our forthcoming paper) are at work.
In § 4 we present the exact dispersion law describing insta-
bilities of a relativistic magnetized plasma with an isotropic
particle distribution function. Then, for a weakly magne-
tized ultrarelativistic plasma, we derive approximate analytic
expressions for the growth rates of the maser and Langmuir
modes.
In § 5 we solve the exact dispersion law numerically, con-
firming our analytic approximations for the growth rates, but
also finding Bernstein-like modes, which our analytics did not
treat at all. Then we describe a simplified PIC simulation
which shows how the unstable modes saturate.
A brief discussion of the main conclusions is given in § 6.
2. MASER IN A WEAKLY MAGNETIZED PLASMA:
MAIN RESULTS
2.1. Maser growth rate
In § 4 and § 5 we study plasma instabilities in a relativistic
weakly magnetized plasma with an isotropic particle distri-
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2bution function, a large characteristic Lorentz factor of the
electrons, and a small magnetic energy fraction:
γc  1, ξB ≡ B
2
8pinγcmc2
 1. (1)
We find that unstable maser modes exist for a ”hollow particle
distribution” provided that γ2c ξB > 1 (see § 4.4). By ”hol-
low” we mean a distribution with momentum space particle
density, F , that increases with momentum, i.e. dF/dγ > 0,
or dn/dγ ∝ γ2dF/dγ rising faster than γ2.
The maser modes grow fastest (see fig. 1, § 4.5) near the
modified Razin frequency,
ωR ≡
(9
2
ξB
)−1/4
ωp, (2)
where their growth rate is approximately
ωIR =
1
8
√
3
(
ωB
ωp
)3/2
ωp. (3)
Here, ωp is the plasma frequency (ω2p ≈ 4pine2/(γcm), see
eqs. 18 and 33), and ωB = (3/2)eB/(γcmc). Note that
(ωB/ωp)
2 = (9/2)ξB .
The above results are similar to those obtained using the
standard maser theory. Moreover, for mono-energetic elec-
trons and perpendicular propagation, i.e. for wave vectors
perpendicular to the magnetic field direction, the analytic ex-
pression derived for the growth rates from the exact dispersion
relation, eq. (66), is identical to that obtained by the standard
maser theory, eqs. (34-37) of Waxman (2017) (in the g  1
limit; note that the negative-absorption coefficient αν is re-
lated to ωI by αν = 2ωI/c, with a factor of 2 due to the fact
that αν describes the evolution of the intensity while ωI de-
scribes the evolution of the amplitude). This exact agreement
supports the validity of both current and earlier analytic work,
as well as the validity of our current numerical results, which
agree with the analytic results in the appropriate limits.
2.2. Polarization
A significant deviation of our exact results from those of
the approximate standard theory is related to the polariza-
tion of the growing modes. In order to rigorously determine
the polarizations, and the growth rates, one needs to obtain
the eigenmodes of the dispersion equation, (c/ω)2(k2Ei −
kikjEj) = ijEj where E is the electric field and  is the
full plasma permittivity. In the standard maser theory, this
is avoided using the following line of arguments. In the ab-
sence of a magnetic field the plasma is isotropic, the dielectric
tensor is diagonal, ij = n2δij , and the refraction index is in-
dependent of polarization, n2 = (ck/ω)2 = 1 − (ωp/ω)2. It
is therefore assumed that in the limit ξB → 0, the effect of the
plasma may be described simply by modifying c to c/n(ω),
and hence that the polarization of the modes is the same as
the vacuum synchrotron modes, i.e. linear polarization par-
allel or perpendicular to the projection of B onto the plane
perpendicular to k. The growth rates for the two polarizations
are then determined by calculating the (negative) absorption
coefficients using the Einstein relations between emission and
absorption, and synchrotron emission is calculated with c re-
placed by c/n.
How small should ξB be for the above approximation to
hold? The magnetic field introduces anisotropy, with off-
diagonal terms in the dielectric tensor. For a weak field, cold
plasma and inclined propagation, with k not perpendicular to
B, the modes are circularly polarized with a frequency differ-
ence (between modes of a given k) of the order of the non-
diagonal terms,
∆ω
ω
≈ ω
2
pωB
ω3
. (4)
For a relativistic plasma, Eq. (4) approximately describes the
real part of the shift ∆ω between the two circularly polarized
modes (see § 4.6 and Sagiv & Waxman 2002), with the elec-
tron mass replaced by γcm in the definition of ωp and ωB (as
given in § 2.1 above). In the standard maser theory, it is thus
assumed that the polarizations are the synchrotron vacuum
polarizations as long as the imaginary correction to ω, ωI , is
ωI/ω  ∆ω/ω, since in this case it is expected to dominate
the modification of dielectric tensor. When this condition is
not satisfied, it is assumed that the emitted power is converted
to circularly polarized modes, i.e. that the growing modes are
circularly polarized with equal growth rates given by the av-
erage of the growth rates calculated for the linear polarization
(parallel and perpendicular) modes (Ginzburg 1989).
For inclined (non perpendicular) propagation,
ωIR/∆ω(ω = ωR) ∝ (ωp/ωB)1/2 ∝ ξ−1/4B . Thus, in
the limit ξB → 0 we expect ωI/∆ω  1 and hence linearly
polarized growing modes. However, in practice, for inclined
propagation and realistic (small but finite) field, we expect
ωI/∆ω < 1 and circular growing modes. Taking into account
the 1/(8
√
3) factor of Eq. (3) and the fact that this fast growth
is obtained at ω ≈ 0.5ωR ( see Fig. 1 and Fig. 1 of Waxman
2017), we have ωI/∆ω ≈ (0.52/(8
√
3)(9ξB/2)
−1/4 and
ωI/∆ω > 1 for ξB < 3× 10−8. (5)
The polarizations of the growing modes predicted by the
standard maser theory are qualitatively consistent with our ex-
act results. For ξB = 10−3 and inclined propagation we find
that the growing modes are nearly circularly polarized. How-
ever, the growth rates of the two modes are not similar. We
show in § 4.6 that this deviation is due to circularly polarized
synchrotron emission, which is neglected in the standard the-
ory.
2.3. Competition with other modes and saturation
Our analysis, based on a direct solution for the zeros of the
exact dielectric tensor, enables us to compare the growth rate
of the maser mode to those of non-electromagnetic modes.
We find that the growth rate of Langmuir (electro-static)
waves is larger than that of the maser mode. The ratio of
Langmuir and maser modes growth rates is larger for smaller
ξB (∝ ξ−5/12B ). For ξB = 10−3, which is the smallest
value expected in the downstream of a collisionless shock,
the growth rate ratio is only a few. Thus, the maser mode
growth is not expected to be suppressed. Moreover, we have
investigated numerically in § 5 the nonlinear evolution of the
instability for ξB = 10−3, and found that the growth of both
the maser and Langmuir modes saturates at a similar energy
density of the waves, which is a few percent of the initial
(uniform) magnetic field energy density (the Langmuir modes
reach saturation faster).
Our results imply that for an isotropic ”hollow” distribu-
tion of electrons in a weakly magnetized plasma, a significant
fraction of the initial uniform magnetic field energy may be
converted to electromagnetic radiation at the modified Razin
frequency.
33. THE ASTROPHYSICAL RELEVANCE OF THE
MASER EFFECT
As noted in the introduction, collisionless shock waves are
responsible for a wide range of high energy astrophysical phe-
nomena. The analysis of this paper implies that if such shocks
produce hollow distribution functions, then (i) the maser in-
stability may play a significant role in the thermalization of
the particle distribution, and (ii) a significant fraction of the
shock energy may be radiated away as electromagnetic waves
at frequencies somewhat higher than the plasma frequency.
The time scale for the maser amplification of the waves,
1/ωIR ∼ 5ξ−3/4B ω−1p , implies that sufficient time for wave
amplification is generally expected in all astrophysical sce-
narios.
The maser instability offers a mechanism for the conversion
of a significant fraction of plasma energy into radio waves.
Such conversion is difficult to achieve in general, and it may
lead to coherent radio emission with very large brightness
temperatures. In what follows we provide some order of mag-
nitude estimates for the conditions under which bright coher-
ent maser radio emission may be expected. These estimates
may be used as a guidance when studying particular astro-
physical sources/phenomena. Two shock configurations are
considered: a shock propagating into a plasma at rest, and a
shock propagating within a relativistically expanding plasma.
3.1. Shock waves driven into a plasma at rest
Let us consider first a fast shock wave driven into an e-
p plasma at rest, with density n. We assume that the shock
velocity β = v/c  √me/mp such that the post-shock
electrons are highly relativistic. Assuming that the post-
shock electrons are close to equipartition, we may approxi-
mate γcme ≈ γβ2mp where γ is the shock Lorentz factor.
Noting that the post-shock plasma (proper) density is approx-
imately given by 4γn, the post shock plasma frequency is
ω2p ≈ 16pine2/β2mp, and the observed frequency of the emit-
ted waves is
νR = γ
ωR
2pi
≈ 0.2γ
β
(
ξB
10−3
)−1/4 ( n
1010cm−3
)1/2
GHz.
(6)
For a shock driven into a e± plasma of density n±, γc ≈ γ 
1 and we have
νR ≈ 7γ
(
ξB
10−3
)−1/4 ( n±
1010cm−3
)1/2
GHz. (7)
A combination of large density and/or large Lorentz fac-
tor is therefore required in order to produce observed emis-
sion in radio waves. Given the large relevant densities, one
should consider the possible effects of free-free absorption.
The shocked plasma is hot, and will therefore not produce
much free-free absorption. However, the plasma lying ahead
of the shock may be optically thick. The free-free absorption
coefficient is approximately given by
αff ≈ 10−6
(
T
1 keV
)−3/2 ( n
1010cm−3
)2 ( ν
1 GHz
)−2
cm−1,
(8)
where T is the upstream plasma temperature.
Thus, in addition to large densities and/or highly relativistic
velocities, a small system size,
r < 106γ4(T/1 keV)3/2 cm, (9)
is required in order to avoid free-free absorption. Sufficiently
large densities and velocities may be obtained, for example,
in supernova explosions surrounded by dense CSM. Typical
parameters in such cases are n ∼ 1010cm−3 and β ∼ 1/30
(e.g. Ofek et al. 2010). However, while radio wave emission
may be generated, the CSM extent is large, ∼ 1014 cm, and
the free-free absorption optical depth is large.
Possible sites for the generation of observable maser ra-
dio emission may be the hot corona regions around accretion
disks near compact objects. The plasma density may be large
enough in such systems for a (mildly) relativistic shock to pro-
duce radio maser emission, and the systems may be compact
and hot enough to avoid free-free absorption.
3.2. Shock waves within a relativistically expanding plasma
Many high energy astrophysics phenomena are believed to
be associated with shock waves propagating within a relativis-
tically expanding plasma, often in the form of a jet. Let us
therefore consider an e-p plasma jet of opening angle θ and
expansion Lorentz factor γ. We do not discuss jets in which
the energy flux is carried mainly by the magnetic field, since
while maser emission may occur in a e± plasma, ξB  1 may
not be satisfied in such jets.
The proper density of the plasma is n(r) =
(2/θ2)Lk/(4pir
2γ2mpc
3) where Lk is the kinetic lumi-
nosity of the jet (assuming a double sided jet and θ << 1).
A mildly relativistic shock traveling within the jet would
heat electrons to γc ≈ mp/me. Expressing r in terms of the
observed signal duration, r = 2γ2c∆t, we have
νR ≈ 0.1 1
γ2θ
(
ξB
10−3
)−1/4
103s
∆t
(
LK
1046erg/s
)1/2
GHz.
(10)
Assuming that the jet is driven by a black hole of mass M
with ∆t = Rs/c = 2GM/c3, we may write this as
νR ≈ 0.1 1
γ2θ
(
ξB
10−3
)−1/4(
108M
M
)1/2(
LK
LE
)1/2
GHz,
(11)
where the Eddington luminosity is LE = 1.3 ×
1038M/Merg/s.
Eq. (10) may also be used to estimate the maser emission
frequency in the case of the deceleration of a relativistic ex-
panding shell, that was emitted impulsively (over time< ∆t).
The reverse shock driven into the shell, as it is being decel-
erated by an external medium, is mildly relativistic when it
crosses most of the decelerating shell (i.e. when a significant
fraction of the kinetic energy is converted to thermal energy
and a significant fraction of the energy is transferred to the
external medium, e.g. Waxman 2017). The maser emission
frequency of the reverse shock is obtained from the above
equations with ∆t taken as the observed pulse duration and
LK given by the shell’s energy E via LK = E/∆t. This
yields, for example, the expected maser frequency for FRBs
as obtained in Waxman (2017).
Here too, free-free absorption may suppress the emis-
sion of radio waves. The shock-heated electrons will cool
via synchrotron emission to a Lorenz factor γm at which
their (proper) energy loss time, (mec)/(4σT γmUB/3) is
comparable to the (proper) expansion time, r/γc, γm =
(3pi)(γ3/ξB)(mec
3r)/(σTL). Replacing ∆t = 2GM/c3,
we find γm = 400(γ/3)5(103ξB)−1(L/LE)−1. That is, for
γ = a few and L ≈ LE the electrons cool to T ≈ 100 MeV.
4The free-free absorption optical depth of the cooled electrons
at νR, τffR ≈ αff(νR)r/γ, is
τffR ≈ 0.3
(
ξB
10−3
)2(
3
γ
) 29
2
(
0.1
θ
)5(
103s
∆t
LK
1046erg/s
)5/2
,
(12)
or, for ∆t = 2GM/c3,
τffR ≈ 0.5
(
ξB
10−3
)2(
3
γ
) 29
2
(
0.1
θ
)5(
LK
LE
)5/2
. (13)
The above equations show that coherent maser emission
may be produced by relativistic winds driven by black-holes
over a wide range of masses, provided that the energy flux is
dominated by kinetic energy at the dissipation region.
4. THEORY OF THE MASER INSTABILITY
Even under the simplifying assumptions of eq. (1), highly
relativistic electrons and weak magnetization, the problem of
calculating the maser growth rates and polarizations remains
intractable analytically. In the next section we solve the prob-
lem numerically.
It turns out, however, that a physically interesting case
of tangled background magnetic field does admit an ana-
lytic treatment. For a tangled magnetic field, the radiation
is unpolarized, and the maser is fully characterized by the
polarization-averaged growth rate, to be computed in § 4.5.
Before computing the averaged growth rate, we must do a
lot of other analytic work. In the following subsections we:
1. Write down the exact dispersion relation. This is
needed for the numerical work of the next section and
for the analytic work of this section.
2. Write down and solve a simplified dispersion relation,
describing high-frequency EM and Langmuir waves in
unmagnetized relativistic plasma. This is needed as a
check of the numerics of the next section and for the
analytic work of this section.
3. Calculate the growth rates for perpendicular propaga-
tion. This is needed to show that our results are in exact
agreement with some of the results of Sagiv & Wax-
man (2002); Waxman (2017), which these authors ob-
tained by the standard maser theory. The exact agree-
ment gives credence to analytic computations of both
ours and the previous papers, and also to our numerics,
which agrees with the analytic results where applicable.
The perpendicular propagation case is also needed to
show that Langmuir waves are unstable, to establish the
growth rate scalings, and for further analytic work of
this section.
4. Establish a sufficient condition for the maser instability.
5. Compute the polarization-averaged growth rate for in-
clined propagation.
6. Explain the different growth rates of two nearly circular
polarizations.
4.1. Permittivity tensor
From the plasma physics perspective, the maser effect is
just one of the many possible instabilities of magnetized col-
lisionless plasma. To calculate the eigenmodes and their
growth rates, one proceeds along standard lines. Take the EM
field and the distribution function perturbations∝ e−iωt+ik·r.
The eigenmode equation for the electric field is
˜ijEj = 0, (14)
and the corresponding dispersion relation is
det ˜ = 0. (15)
Here
˜ij ≡ ij + kikj
ω2
− k
2
ω2
δij , (16)
the speed of light c = 1, and  is the plasma dielectric permit-
tivity tensor, given by, e.g. Aleksandrov et. al. (1984)
ij = δij +
Ω2p
ω
∫
d3p
dF
dγ
∑
n
Π
(n)
ij
ω − kzvz − nΩB/γ , (17)
Ω2p ≡
4pine2
m
, ΩB ≡ eB
m
. (18)
In Eq. (18), n is the number density. In Eq. (17), F is the
distribution function, which is assumed to be isotropic, and
normalized by ∫
d3pF = 1. (19)
The background magnetic field B is along zˆ. The wavevector
is k = (kx, 0, kz). The velocity components vz and v⊥ are
along and perpendicular to zˆ, γ is the Lorentz factor of the
particle. The sum in Eq. (17) is over all integers n, and the
n-dependent tensor is
Π(n) ≡

v2⊥
n2
b2 J
2
n iv
2
⊥
n
b JnJ
′
n v⊥vz
n
b J
2
n
−iv2⊥ nb JnJ ′n v2⊥J ′2n −iv⊥vzJnJ ′n
v⊥vz nb J
2
n iv⊥vzJnJ
′
n v
2
zJ
2
n
 ,
(20)
where the Bessel functions and their derivatives are
Jn ≡ Jn(b), J ′n ≡ J ′n(b), b ≡
kxv⊥γ
ΩB
. (21)
For actual calculations, we rename the permittivity compo-
nents:
 ≡

1 ig1 g2
−ig1 2 −ig3
g2 ig3 3
 , (22)
and write the dispersion relation as
˜1˜2˜3 − g21 ˜3 − g˜22 ˜2 − g23 ˜1 + 2g1g˜2g3 = 0, (23)
where the tilde has the same meaning as before:
˜1 ≡ 1 − k
2
z
ω2 , ˜3 ≡ 3 − k
2
x
ω2 ,
˜2 ≡ 2 − k2ω2 , g˜2 ≡ g2 + kxkzω2 .
(24)
54.2. Permittivity and eigenmodes at zero magnetization
For B = 0, standard calculations give
ij = δij +
Ω2p
ω
∫
d3p
dF
dγ
vivj
ω − k · v . (25)
From Eq. (25), one gets two different permittivities for trans-
verse and longitudinal polarizations:
ij = ⊥(δij − kˆikˆj) + ‖kˆikˆj , (26)
⊥ = 1 +
Ω2p
2ω
∫
d3p
dF
dγ
v2
1− µ2
ω − kvµ, (27)
‖ = 1 +
Ω2p
ω
∫
d3p
dF
dγ
v2
µ2
ω − kvµ, (28)
µ ≡ cos(kˆ · v). (29)
The dispersion relations for transverse (EM waves) and lon-
gitudinal (Langmuir waves) polarizations are
ω2 = ⊥k2, ‖ = 0. (30)
We are interested in the high-frequency, meaning k 
γ
−1/2
c Ωp, EM waves. As we are about to show, for these large
wavenumbers, Eq. (30) gives ω ≈ k, allowing to simplify the
fraction in Eq. (27):
1− µ2
ω − kvµ ≈
1 + µ
ω
, (31)
where we have used v ≈ 1, for γc  1. Now Eq. (27) gives
⊥ ≈ 1−
ω2p
ω2
, (32)
ω2p ≡ Ω2p
∫
d3pF
1
γ
. (33)
Recalling the normalization,
∫
d3pF = 1, we can write
Eq. (33) in a clearer form
ω2p ≡ Ω2p <
1
γ
>∼ 4pine
2
γcm
. (34)
Now Eqs. (15, 16, 26, 32) give the standard plasma disper-
sion law
ω2 = k2 + ω2p. (35)
The numerical calculations of §5, although based on the ex-
act permittivity, Eq. (17), do confirm that the frequency ω is
approximately given by Eq. (35) at k  ωp.
We are also interested in high-frequency Langmuir waves,
with ω ≈ k  ωp (in practice, ωωp ∼few). Such waves exist
only in ultra-relativistic plasma, where we can put v = 1 in
Eq. (28) and calculate the µ-integral as
1∫
−1
dµ
µ2
ω − kµ ≈
1
k
ln
ω
ω − k , (36)
giving the approximate longitudinal permittivity
‖ ≈ 1−
ω2p
ωk
ln
ω
ω − k ≈ 1−
ω2p
k2
ln
k
ω − k , (37)
and the dispersion law
ω ≈ k(1 + e− k2ω2p ). (38)
4.3. Perpendicular propagation
Taking kz = 0, i.e. a wave propagating perpendicular to
the background magnetic field, we have g2 = g3 = 0, g˜2 = 0,
and the dispersion law, Eq. (23), splits into
1˜2 − g21 = 0, ˜3 = 0. (39)
This means that pure transverse modes are polarized along the
magnetic field. Transverse modes with polarization perpen-
dicular to the magnetic field get mixed with the longitudinal
modes. However, for small B, the dispersion law 1˜2 = g21
describes one mostly-transverse and one mostly-longitudinal
mode, which we will call perpendicular-polarized EM and
Langmuir waves.
We calculate the growth rates of the EM waves and the
Langmuir waves in turn. Then, to illustrate the results, we
compute the growth rates for a monoenergetic distribution.
4.3.1. Perpendicular propagation: EM waves
The dispersion laws for the perpendicular and parallel po-
larizations of EM waves with perpendicular propagation are
2 − k
2
ω2
=
g21
1
, 3 − k
2
ω2
= 0 (40)
For zero magnetization, at high frequencies, k  ωp, we have
2 = 3 = ⊥ ≈ 1−
ω2p
ω2
, g1 = 0, (41)
and we get the same dispersion law for both polarizations:
ω =
√
k2 + ω2p ≈ k +
ω2p
2k
. (42)
At non-zero but small magnetization, ξB  1, there will
be corrections to the permittivities Eq. (41), and, correspond-
ingly, to the frequencies of the two modes. To leading order,
the corrected frequencies are given by Eq. (40):
1− k
2 + ω2p
ω2
= −δ2 + g
2
1
1
, (43)
1− k
2 + ω2p
ω2
= −δ3. (44)
We are interested in the maser growth rates, which are the
imaginary parts of the frequency corrections. From Eqs. (44,
43), we get the approximate growth rates
ωI⊥ ≈ −1
2
Im(2)ω, ωI‖ ≈ −1
2
Im(3)ω. (45)
Here ω is the real part of the frequency, the parallel and per-
pendicular polarizations are with respect to the background
magnetic field, and |Im( g211 )|  |Im(2)| will be shown be-
low.
The imaginary parts of the permittivities are calculated at
real frequency, Eq. (42), by Landau’s replacement,
1
ω + ...
→ 1
ω + i0 + ...
= P 1
ω + ...
− ipiδ(ω + ...). (46)
6Consider first Im(2). The starting expression is
Im(2) = −pi
Ω2p
ω
∫
d3p
dF
dγ
v2⊥
∑
n
J ′2n δ(ω−nΩB/γ). (47)
For small B, we replace the sum over n by the integral over
n, and calculate the integral over n by removing the delta-
function:
Im(2) = −pi
Ω2p
ΩBω
∫
d3p
dF
dγ
γv2⊥J
′2
n , n ≡
γω
ΩB
. (48)
Since n is large, we can approximate the Bessel function by
the Airy function (here and below, our statements regarding
special functions come from Abramowitz & Stegun (1964)):
J ′n(b) ≈ −
( 2
n
)2/3
Ai′
[(n
2
)2/3(
1− b
2
n2
)]
. (49)
Here b = kv⊥γΩB , and
b
n
=
kv⊥
ω
≈ 1− ω
2
p
2ω2
− ψ
2
2
, (50)
where ψ is the angle between the particle velocity and the xy-
plane, which is assumed to be small (to be justified momen-
tarily). We have also used the approximate dispersion law
Eq. (42), and we put v = 1, corresponding to γc >> 1.
With the replacements of Eqs. (49,50), Eq. (48) takes the
form
Im(2) = −pi Ω
2
p
ΩBω
∞∫
0
2pip2dpdFdγ γ
×
(
2ΩB
γω
)4/3 ∞∫
−∞
dψAi′2
[(
γω
2ΩB
)2/3(ω2p
ω2 + ψ
2
)]
.
(51)
We now see that only ψ  1 contribute to the integral, be-
cause the Airy function decreases exponentially at large posi-
tive argument.
The ψ-integral in Eq. (51) can be replaced by a more fa-
miliar expression, used in the theory of synchrotron radiation.
With the help of the identity
∞∫
−∞
dψAi′2
[
x2/3(1 + ψ2)
]
= x
1/3
4
√
3pi
f⊥
(
4
3x
)
,
f⊥(x) ≡
∞∫
x
dyK5/3(y) +K2/3(x),
(52)
we re-write Eq. (51) as
Im(2) = − 14√3
ω2pΩ
2
p
ω4
∫
d3pdFdγ f⊥(x),
x ≡ 23
γω3p
ΩBω2
.
(53)
We have checked, by numerically computing the exact permit-
tivity Eq. (17), that Eq. (53) is correct in the limit γc → ∞,
ξB → 0, ω ∼ ξ−1/4B ωp, that is, for the frequencies where the
maser operates.
Now, using Eq. (45), we get the growth rate for perpendic-
ular propagation with perpendicular polarization:
ωI⊥ ≈ 18√3
ω2pΩ
2
p
ω3
∫
d3pdFdγ f⊥(x),
x ≡ 23
γω3p
ΩBω2
,
f⊥(x) ≡
∞∫
x
dyK5/3(y) +K2/3(x).
(54)
For perpendicular propagation with parallel polarization, we
compute Im(3). The result is
ωI‖ ≈ 18√3
ω2pΩ
2
p
ω3
∫
d3pdFdγ f‖(x),
x ≡ 23
γω3p
ΩBω2
,
f‖(x) ≡
∞∫
x
dyK5/3(y)−K2/3(x).
(55)
We have checked that our numerically computed growth rates,
for perpendicular propagation, approximately agree with the
analytic expressions Eqs. (54, 55).
(It remains to show that |Im( g
2
1
1
)|  |Im(2)|. Assuming ω ∼
ξ
−1/4
B ωp, we estimate, from Eq.(51),
Im(2) ∼ ξB . (56)
A similar calculation gives
Im(g1) ∼ ξ3/4B . (57)
Also, since 1 ≈ 1 one expects, and can confirm numerically, that the domi-
nant part of g1, which is real, does not exceed the leading part of the plasma
dispersion: |g1| < ω
2
p
ω2
∼ ξ1/2B . We can now estimate
|Im(g
2
1
1
)| ∼ |g1Im(g1)| < ξ5/4B  ξB ∼ |Im(2)|, (58)
as stated and used above. )
4.3.2. Perpendicular propagation: Langmuir waves
The dispersion relation is still the first of Eqs. (39), which
we now write as
1 =
g21
˜2
. (59)
Ignoring logarithmic factors, near the instability domain ω ∼
k ∼ ωp, we have the following estimates
|Im 1| ∼ |Re 1| ∼ |˜2| ∼ 1 |g1|, (60)
and we can approximate the dispersion relation Eq. (59) sim-
ply as
1 = 0. (61)
When logarithmic factors are included, one gets |Im 1| 
|Re 1|, allowing, as in §4.3.1, to approximate 1 by its un-
magnetized value plus the imaginary part. Using Eq. (37), we
have
1 ≈ 1−
ω2p
k2
ln
k
ω − k + i Im(1). (62)
This gives the growth rate
ωLI ≈ −ω
3
ω2p
e
− k2
ω2p Im(1). (63)
7FIG. 1.— EM growth rates, Eqs. (66), for perpendicular (thick) and parallel
(thin) polarizations. The frequency ω is normalized to ω0 ≡
(
ωp
ωB
) 1
2
ωp,
the growth rate ωI is normalized to ωI0 ≡
(
ωB
ωp
) 3
2
ωp.
Im(1) is calculated as in §4.3.1. The result is
Im(1) = − 12√3
Ω2p
ω2
∫
d3pdFdγ fL(x),
fL(x) ≡ −
∞∫
x
dyK5/3(y) + 2K2/3(x),
x ≡ 25/23 γωΩB e
− 32 ω
2
ω2p ,
ωLI ≈ 12√3
Ω2pω
ω2p
e
−ω2
ω2p
∫
d3pdFdγ fL(x).
(64)
4.3.3. Perpendicular propagation: A monoenergetic distribution
For a monoenergetic distribution, the integrals in the growth
rate expressions are∫
d3p
dF
dγ
f(x) = − 1
γ
(2f + xf ′), (65)
giving
ωI⊥,‖ = − 18√3
(
ωB
ωp
) 3
2
ωpx
3
2
(
2f⊥,‖(x) + xf ′⊥,‖(x)
)
,
x ≡ ω
3
p
ωBω2
, ωB ≡ 32 ΩBγ ,
(66)
shown in Fig. (1), and
ωIL = − 31/628/3ω
2
3
Bω
1
3x
2
3
(
2fL(x) + xf
′
L(x)
)
,
x ≡ 25/23 ωωB e
− 32 ω
2
ω2p ,
(67)
shown in Fig. (2).
4.4. The maser instability criterion
A simple sufficient condition for the maser instability
can be established, which qualitatively means that hollow
FIG. 2.— Langmuir wave growth rates, Eq. (67), for ξB = 10−2 (thin),
ξB = 10
−3 (thicker), ξB = 10−4 (thick), and parallel polarizations. The
frequency ω is normalized to ωp, the growth rate ωI is normalized to ωI0 ≡(
ωB
ωp
) 2
3
ωp. The graph starts at ω = ωp because Eq. (67) is invalid at
smaller ω.
isotropic distributions are maser unstable. The exact sufficient
condition is
dF
dγ
|
γ=
√
3
2
ΩB
ωp
> 0. (68)
This condition makes sense only if γ =
√
3
2
ΩB
ωp
> 1, or
γ2c ξB & 1. (69)
The inequality Eq. (69) is likely satisfied in the downstream
of a relativistic shock in electron-proton plasma, because the
equipartition values, γc & 1000, ξB ∼ 1, fulfill the inequality
by a large margin.
To prove that Eq. (68) is a sufficient condition for maser
instability, consider perpendicular propagation with parallel
polarization. The exact dispersion law is
˜3 = 0. (70)
In the long-wavelength limit, k → 0, the real part of the dis-
persion law can be calculated by setting k = 0 in Eq. (17):
Re(˜3) ≈ 3(k = 0) = 1− 2
3
ω2p
ω2
. (71)
The imaginary part Im(˜3) = Im(3), at k → 0, is dominated
by the n = 1 Bessel function, and the integral in Eq. (17) is
calculated by taking the value at the pole γ = ΩBω , giving the
instability criterion Eq. (68).
4.5. Average maser growth rate
Here we compute the polarization-averaged growth rate in
the limit γc → ∞, B → 0 (the limits are taken in this order,
ωp is fixed).
First, write the exact dispersion law Eq. (23) as
˜2
(
˜1˜3 − g˜22
)
= ˜3g
2
1 − 2g˜2g1g3 + ˜1g23 , (72)
and compute all of its terms at zero magnetization using
8Eq. (26):
˜2 = ˜⊥, ˜1˜3 − g˜22 = ‖˜⊥, g1 = g3 = 0,
˜⊥ ≡ ⊥ − k2ω2 .
(73)
The approximate dispersion law then reads
‖˜⊥ = 0, (74)
and gives
ω2 = k2 + ω2p. (75)
When the magnetic field is turned on, the two terms in the
l.h.s. of Eq. (72) receive corrections:
δ˜2 ≡ δ1, δ(˜1˜3 − g˜22) ≡ δ2, (76)
while the r.h.s. of Eq. (72) is
˜1g
2
3 + ˜3g
2
1 − 2g˜2g1g3 ≈ g2, g ≡ kˆzg1 − kˆxg3, (77)
where we have approximated
˜1 ≈ kˆ2x, ˜3 ≈ kˆ2z , g˜2 ≈ kˆxkˆz, (78)
which is valid at k  ωp.
Now the dispersion law reads
(˜⊥ + δ1)(‖˜⊥ + δ2) = g2. (79)
To leading order, for ω =
√
k2 + ω2p + δω, with k  ωp, we
can write
˜⊥ = 1−
k2 + ω2p
ω2
≈ 2
ω
δω, ‖ ≈ 1, (80)
giving the final form of the dispersion law:( 2
ω
δω + δ1
)( 2
ω
δω + δ2
)
= g2. (81)
The solution of Eq. (81) is
δω =
ω
4
{− (δ1 + δ2)±√(δ1 − δ2)2 + 4g2}. (82)
The polarization-averaged frequency correction is
δω = −ω
4
(δ1 + δ2), (83)
and the polarization-averaged growth rate is
ωI = −ω
4
(Imδ1 + Imδ2). (84)
Here
Imδ1 = Im2, (85)
and a calculation similar to that of § 4.3 gives the imaginary
part Imδ1 as in Eq. (53), with a replacement
ΩB → ΩB sin θ, sin θ ≡ kˆx. (86)
For the second imaginary part
Imδ2 = Im(˜1˜3 − g˜22) ≈ ˜1Im3 + ˜3Im1 − 2g˜2Img2
≈ Im(kˆ2x3 + kˆ2z1 − 2kˆxkˆzg2),
(87)
we must recall that the corresponding Π-components are
Π
(n)
33 = v
2
zJ
2
n, Π
(n)
11 = v
2
⊥
n2
b2
J2n, Π
(n)
13 = v⊥vz
n
b
J2n. (88)
When imaginary parts of the permittivity are calculated, as
in § 4.3, Bessel functions nearly vanish unless b ≈ n. To
sufficient accuracy, we can put b = n in the multiplicative
factors of the Π-components (but not in the argument of Jn).
Then
Imδ2 ∝ kˆ2xv2z + kˆ2zv2⊥ − 2kˆxkˆzv⊥vz ∝ sin2(χ− θ), (89)
where θ, χ are the propagation and pitch angles (kˆx ≡ sin θ,
v⊥ ≡ sinχ). Now a calculation similar to that of § 4.3 gives
the imaginary part Imδ2 as in Eq. (53), with replacements
ΩB → ΩB sin θ, f⊥ → f‖. (90)
The final result is the polarization-averaged growth rate for
propagation at an arbitrary angle θ at frequency ω:
ωI ≈ 18√3
ω2pΩ
2
p
ω3
∫
d3pdFdγ fav(x),
x ≡ 23
γω3p
ΩB sin θω2
,
fav(x) ≡
∞∫
x
dyK5/3(y).
(91)
The maser growth rate in a tangled field is obtained by aver-
aging over propagation directions:
ωI ≈ 1
2
∫
dθ sin θ ωI(θ). (92)
4.6. Inclined propagation: polarization and growth rates.
In §5.1 we numerically compute the growth rates and polar-
izations for inclined propagation at ξB ∼ 0.001, γc ∼ 1000.
Unexpectedly, we find that our numerical results are clearly at
odds with the standard synchrotron maser theory of Ginzburg
(1989); Sagiv & Waxman (2002), although the polarization-
averaged growth rate does approximately agree with the stan-
dard theory. Here we explain the reason why.
The standard theory says that if the growth rate is much
smaller than the frequency shift between the ordinary and
extraordinary modes, the modes are circularly polarized and
have the same growth rates. If, on the other hand, the growth
rate is much larger than the frequency shift between the ordi-
nary and extraordinary modes, the modes are linearly polar-
ized and have different growth rates.
At first site, our theory of §4.5 does recover this standard re-
sult. Consider the dispersion law Eq.(82). The real frequency
shift between the ordinary and extraordinary modes is given
by the g term, which is, using the cold plasma permittivity,
but with Lorentz factors included into ωp and ωB ,
g ∼ ω
2
pωB
ω3
. (93)
As seen from Fig.1, the maser operates at
ω ∼
( ωp
ωB
) 1
2
ωp (94)
with the growth rate
ωI ∼
(ωB
ωp
) 3
2
ωp. (95)
9We thus have
g ∼
(ωB
ωp
) 5
2  ωI
ω
∼
(ωB
ωp
)2
. (96)
In the limit ξB → 0, the growth rate is much larger than the
frequency shift, and the modes must be linearly polarized with
different growth rates, given by f⊥ and f‖ for the polariza-
tion perpendicular and parallel to the magnetic field projec-
tion “on the sky”. And indeed, for δ  g, the dispersion law,
Eq.(82), gives different frequencies, δω = −ωδ1,2/2. The
polarization, assuming negligible g1,3 is clearly linear, either
perpendicular (that is along yˆ) or parallel to the magnetic field
projection on the sky.
However, in practice, for small but realistically finite ξB ,
the g term turns out to be much larger than ωIω . This is be-
cause, as one can see from Fig. 1, for the fastest growing mode
g ≈ 5
(ωB
ωp
) 5
2
>
ωI
ω
∼ 0.1
(ωB
ωp
)2
for ξB & 3× 10−8.
(97)
This, by itself, is not a problem for the standard maser theory –
just use the opposite limiting case – circular polarizations with
the same growth rate. And indeed, for δ  g, assuming that
1,2,3 and g2 can be computed using the zero magnetization
formulas, Eq.(26), while g1,3 are arbitrary, we get, after some
manipulations, the eigenmode equation
ig1 ˜⊥kˆz ‖kˆx
ig2 −˜⊥kˆx ‖kˆz
⊥ −ig −ih


E⊥
E‖
El
 = 0, (98)
where
E⊥ ≡ Ey, E‖ ≡ kˆzEx− kˆxEz, El ≡ kˆxEx+ kˆzEz, (99)
are the electric field components perpendicular and parallel to
the magnetic field projection on the sky, and the longitudinal
component parallel to kˆ. Also,
h ≡ kˆxg1 + kˆzg3, g ≡ kˆzg1 − kˆxg3, (100)
with g as before in §4.5.
We now get the dispersion law
‖˜2⊥ = ‖g
2 + ˜⊥h2. (101)
For polarization, from the first two equations of (98),
igE⊥ + ˜⊥E‖ = 0. (102)
For electromagnetic modes, we have ˜⊥ ≈ 0, and our disper-
sion law agrees with Eq. (79), recalling that ‖ = 1 has been
used in Eq. (79). Now, with ˜2⊥ = g
2, the polarization is seen
to be circular. Also, Eq. (82) predicts the same growth rates
for the two modes, assuming that g is real.
However, we will see from numerical calculations that g is
not exactly real. It is true that |Re g|  |Im g|, but the
latter happens to be comparable to |Im δ1,2|. As a result, we
get nearly circularly polarized modes, but with very different
growth rates. This is not accounted for by the standard maser
theory and we must explain it.
To this end, we write down the imaginary parts of δ1,2 and
g, deliberately using the same notations as Ginzburg (1989),
with the Airy function and its derivative replaced by the mod-
ified Bessel functions K1/3, K2/3, and with ψ ≡ χ− θ (recall
that χ is the electron pitch angle and θ is the wave propaga-
tion angle). Im g is calculated similar to Im δ2, as described
in §4.5. Replacing, as in Eq. (51), ψ → ωpω ψ, we have
Im δ1 ∝
∫
dψ (1 + ψ2)2 K22/3
(
1
2x(1 + ψ
2)3/2
)
,
Im δ2 ∝
∫
dψ ψ2 (1 + ψ2) K21/3
(
1
2x(1 + ψ
2)3/2
)
,
Im g ∝ ∫ dψ ψ (1 + ψ2)3/2 K1/3K2/3( 12x(1 + ψ2)3/2),
x ≡ 23
γω3p
ΩB sin θω2
.
(103)
These expressions clearly correspond to equations (5.21-23)
of Ginzburg (1989), which give synchrotron power with two
linear polarizations and a circular polarization. And, as in
the theory of synchrotron radiation, the pitch-angle integral
vanishes for the circular polarization by parity.
However, the integrals of Eq. (103) are only the lowest or-
der approximations in ωpω . For instance, the integration mea-
sure
sinχ dχ ≈ sin θ(1 + cot θ ψ)dψ (104)
gives an orderψ correction, which drops out of Im δ1,2 by par-
ity, but renders Im g non-zero. As we have discussed above,
even at ξB ∼ 10−3, the corrections can be large. Numerical
results give
|Re g|  |Im g| ∼ Im δ1, (105)
explaining the origin of the unexpected result – nearly circular
polarizations but with different growth rates.
5. NUMERICAL COMPUTATIONS AND SIMULATIONS
OF THE MASER INSTABILITY
Here we do two different things. First we numerically solve
the dispersion law Eq. (15) and calculate the growth rates and
polarizations of the maser, Langmuir, and Bernstein modes.
Then, in order to study the nonlinear saturation of the maser
instability, we numerically simulate the development of the
maser using a simple particle-in-cell code.
5.1. Maser and other eigenmodes
A numerical solution of the dispersion law, Eq. (15), re-
quires a numerical calculation of the permittivity, Eq. (17).
This is a lengthy expression, and the numerical code calcu-
lating it must be checked. Our check was to reproduce sim-
pler expressions which must follow from Eq. (17) in various
cases. We checked the cases of a cold plasma, an unmagne-
tized plasma, and a Maxwellian plasma. In the latter case, as a
check, we used the permittivity given in Lifshitz& Pitaevskii
(1981), which is a complicated quadrature without explicit
Bessel functions. Our numerical permittivity does reproduce
these three permittivities.
We use Eq. (17) as written, without Landau’s analytic con-
tinuation into the lower complex ω half-plane. This means
that we calculate only the growing eigenmodes.
We have calculated the growth rates and polarizations for
different: (i) shapes of the distribution function, (ii) char-
acteristic Lorentz factors γc, (iii) magnetizations ξB , (iv)
wavenumbers k, (v) propagation directions kˆ. To concisely
illustrate our findings we fix, once and for all, two of these
five variables:
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TABLE 1
MONOENERGETIC DISTRIBUTION, PERPENDICULAR PROPAGATION.
Re(ω)
ωR
Im(ω)
ξBωR
E⊥ E‖ El
0.105 3.50 0.02 0 (-0.96,0.28)
0.110 2.08 0 1 0
0.116 3.69 0.01 0 (0.37,0.93)
0.121 2.57 0 1 0
0.121 3.50 1.00 0 (0.06,-0.06)
0.127 3.95 0.02 0 (0.95,-0.31)
0.133 2.96 0 1 0
0.133 2.11 0.96 0 (-0.02,0.26)
0.139 4.12 0.04 0 (-0.99,0.16)
0.145 3.23 0 1 0
0.145 3.44 0.93 0 (-0.01,-0.35)
0.151 4.40 0.06 0 (0.99,-0.08)
0.156 3.48 0 1 0
0.156 3.58 0.93 0 (0.04,0.38)
0.162 4.43 0.05 0 (-0.98,0.20)
0.168 3.64 0 1 0
0.168 2.93 0.98 0 (-0.06,-0.16)
0.174 4.51 0.02 0 (0.68,0.73)
0.179 3.78 0 1 0
0.179 4.59 0.99 0 (0.10,-0.02)
0.185 4.70 0.03 0 (0.84,-0.54)
0.191 3.89 0 1 0
0.191 3.26 0.97 0 (-0.04,0.22)
0.197 4.68 0.07 0 (-0.97,0.22)
NOTE. — ξB = 10−3, k = 0.5ωR, kˆz = 0, growing eigenmodes with
Re(ω)
ωR
between 0.1 and 0.2.
TABLE 2
SMOOTH HOLLOW DISTRIBUTION, PERPENDICULAR PROPAGATION.
k
ωR
Re(ω)
ωR
Im(ω)
ξBωR
E⊥ E‖ El
0.15 0.242 0.143 0.17 0 (-0.05,-0.98)
0.266 0.077 0.99 0 (0,0.12)
0.20 0.266 0.366 0.15 0 (-0.09,-0.98)
0.300 0.148 1.00 0 (0,0.07)
0.25 0.296 0.305 0.17 0 (-0.07,-0.98)
0.338 0.180 1.00 0 (0,0.05)
0.337 0.012 0 1 0
0.30 0.333 0.042 0.24 0 (-0.02,-0.97)
0.378 0.217 1.00 0 (0,0.04)
0.378 0.016 0 1 0
0.35 0.421 0.235 1.00 0 (0,0.03)
0.420 0.021 0 1 0
0.40 0.464 0.239 1.00 0 (0,0.03)
0.464 0.028 0 1 0
0.45 0.509 0.196 1.00 0 (0,0.03)
0.509 0.025 0 1 0
0.50 0.555 0.127 1.00 0 (0,0.02)
0.554 0.025 0 1 0
0.55 0.601 0.081 1.00 0 (0,0.02)
0.600 0.032 0 1 0
0.60 0.647 0.020 0 1 0
0.65 0.694 0.014 0 1 0
NOTE. — ξB = 10−3, kˆz = 0, all growing eigenmodes for a given k.
TABLE 3
SMOOTH HOLLOW DISTRIBUTION, INCLINED PROPAGATION.
k
ωR
Re(ω)
ωR
Im(ω)
ξBωR
E⊥ E‖ El
0.15 0.242 0.088 0.15 (0,0.01) (-0.03,-0.99)
0.267 0.055 0.74 (-0.01,-0.67) (0,0.07)
0.264 0.011 0.66 (-0.01,0.75) (0,0.07)
0.20 0.266 0.277 0.13 (0,0) (-0.08,-0.99)
0.301 0.083 0.73 (-0.02,-0.68) (0,0.05)
0.299 0.022 0.68 (-0.03,0.73) (0,0.05)
0.25 0.296 0.336 0.15 (0,0) (-0.08,-0.99)
0.338 0.114 0.73 (-0.04,-0.68) (0,0.03)
0.336 0.033 0.68 (-0.04,0.73) (0,0.03)
0.30 0.379 0.142 0.74 (-0.05,-0.67) (0,0.03)
0.377 0.044 0.67 (-0.06,0.74) (0,0.02)
0.35 0.421 0.162 0.75 (-0.06,-0.66) (0,0.02)
0.420 0.051 0.66 (-0.07,0.75) (0,0.02)
0.40 0.465 0.170 0.76 (-0.07,-0.65) (0,0.02)
0.463 0.053 0.64 (-0.08,0.76) (0,0.02)
0.45 0.510 0.163 0.77 (-0.06,-0.63) (0,0.02)
0.508 0.047 0.63 (-0.08,0.78) (0,0.01)
0.50 0.555 0.142 0.79 (-0.05,-0.61) (0,0.02)
0.554 0.040 0.60 (-0.07,0.79) (0,0.01)
0.55 0.601 0.111 0.81 (-0.04,-0.59) (0,0.01)
0.600 0.030 0.59 (-0.05,0.81) (0,0.01)
0.60 0.648 0.072 0.82 (-0.02,-0.57) (0,0.01)
0.647 0.018 0.57 (-0.02,0.82) (0,0.01)
0.65 0.695 0.035 0.83 (0.01,-0.56) (0,0.01)
0.694 0.004 0.55 (0.02,0.84) (0,0.01)
NOTE. — ξB = 10−3, kˆz = 0.5, all growing eigenmodes for a given k.
1. Lorentz factor γc = 103. This is motivated by the
expected value. Also, this γ is large enough, so that
various approximations used in the theoretical sections
do apply.
2. Magnetization ξB = 10−3. This should be about
the smallest magnetization of the downstream plasma
one can expect. Also, this ξB is small enough, so that
various approximations used in the theoretical sections
should roughly apply.
To show the polarization of the eigenmodes, we decompose
the (complex) electric field vector into two transverse compo-
nents: E⊥ (perpendicular to kˆ and Bˆ, taken to be real), E‖
(perpendicular to kˆ and E⊥), and a longitudinal component:
El (along kˆ), and normalize by E2⊥ + |E‖|2 + |El|2 = 1.
To present the results, we define, following Waxman (2017)
the modified Razin frequency
ωR ≡
(9
2
ξB
)−1/4
ωp. (106)
As we have shown in §4.3.3, the maser modes should grow
the fastest at ω ∼ ωR.
The simplest hollow distribution is the monoenergetic dis-
tribution considered by Waxman (2017). However, as Table 1
illustrates, this distribution actually gives a large number of
Bernstein modes, which grow much faster than at the theo-
retical rates of §4.3.3. Apparently, for a narrow distribution
function, replacing the sum over Larmor harmonics by the in-
tegral is incorrect even at small ξB ∼ 10−3.
Now consider a smooth hollow distribution function: F ∝
p2e−2p
2/p20 . Then, as seen from Table 2, the Bernstein modes
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FIG. 3.— Upper curve – the energy of the EM field perturbation, W , as a
function of time; maximum time = 50ω−1p , maximum W = 0.043 of the
unperturbed field energy. Lower curves — electric fields (thick) and magnetic
fields (thin, uniform field subtracted) as a function of the coordinate. The box
size = 40ω−1p .
disappear; only the theoretically predicted modes exist: the
EM modes (mostly transverse, what we call the maser modes)
and the Langmuir mode (mostly longitudinal). The growth
rates, especially the maser growth rates, are in reasonable
agreement with the theoretical predictions.
Table 3 lists unstable modes propagating at the median (by
solid angle) inclination kˆz = 0.5, for the same smooth hollow
distribution function. We see that the growth rates are close
to those for the perpendicular propagation. The polarization-
averaged growth rate of the maser modes given by Eq. (91)
agrees with the numerical results to about 30%.
5.2. Maser and other modes: non-linear saturation
Linear instabilities, which we apparently do understand,
characterize only the initial stage of the plasma dynamics. If
the shock quickly prepares the initially hollow distribution,
the growing modes will be generated from the background
noise. But the long-term evolution necessarily involves non-
linear effects, and these are best studied by direct numerical
simulations, the so-called particle-in-cell (PIC) simulations.
In fact, until a full three-dimensional PIC simulation is done,
we cannot be sure that some non-linear interactions don’t
completely change the initially linear evolution, so much so
as to make our linear analysis entirely misleading.
We have run such a fully 3D simulation, and got results
similar to the 1x3v (one spatial dimension, three velocity di-
mensions) PIC simulation that we describe below. The reason
we choose to describe only this toy 1x3v simulation is that the
maser instabilities are slow, and we were able to run the fully
3D code only at low resolution, and we can not be entirely
sure that we got it right.
The 1x3v simulation is as follows. Consider an EM field
which depends only on t and x: Ex(t, x), Ey(t, x), Ez(t, x),
Bx = const, By(t, x), Bz(t, x) (our x-grid has 200 points).
Add a large number of charged particles (we had 2×106 parti-
cles), each of which is characterized by the (time-dependent)
x-coordinate, and three velocity components. Let the charges
interact with the fields by the Maxwell-Lorentz equations.
Start with a constant magnetic field, zero electric field, and a
FIG. 4.— Same as Fig. (3), but with maximum time = 62.5ω−1p .
particle distribution which is uniform in space, and isotropic
and hollow in the velocity space. The code is the (straightfor-
wardly modified) TRISTAN, Buneman (1984).
We show the simulation results for perpendicular propaga-
tion – the initial uniform magnetic field is along the z-axis.
We have ξB = 0.01 in an electron-positron plasma. The ini-
tial distribution function is isotropic and monoenergetic with
γ = 3. As seen in Fig. (3), Langmuir modes grow the fastest,
saturating when the EM field (including electrostatic) pertur-
bation energy reaches few percent of the uniform magnetic
field energy. Note that, as expected, the perpendicular polar-
ized transverse modes are stronger than the parallel polarized
transverse modes.
As seen in Fig. (4), upon saturation of the Langmuir modes,
the perpendicular polarized transverse modes keep growing,
and become comparable in energy to the Langmuir modes,
while the parallel polarized transverse modes remain weak.
6. DISCUSSION
We have derived exact (numeric) solutions of the disper-
sion equation for a weakly magnetized (magnetic field to par-
ticle energy density ratio ξB  1) highly relativistic (electron
Lorentz factor γc  1) plasma with an isotropic particle dis-
tribution function, starting from the exact dielectric permittiv-
ity tensor. We have shown that unstable maser modes exist
for a ”hollow particle distribution” provided that γ2c ξB > 1.
By ”hollow” we mean a distribution with particle density (in
momentum space), F , that increases with momentum (i.e.
dF/dγ > 0, or dn/dγ ∝ γ2dF/dγ rising faster than γ2). A
sufficient condition for maser instability is given by Eq. (68).
The maser modes grow fastest (see fig. 1, § 4.5) near the
modified Razin frequency, ωR ≈ ξ−1/4B ωp, at a rate ωIR ≈
ξ
3/4
B ωp (see Eqs. 2, 3 for exact results; ωp is the plasma fre-
quency, ω2p ≈ 4pine2/(γcm) see Eqs. 18 and 33). These re-
sults are similar to those obtained using the standard maser
theory. Moreover, for mono-energetic electrons and perpen-
dicular propagation, i.e. for wave vectors perpendicular to the
magnetic field direction, the analytic expression derived for
the growth rates from the exact dispersion relation, eq. (66),
is identical to that obtained by the standard maser theory,
eqs. (34-37) of Waxman (2017). This exact agreement sup-
ports the validity of both current and earlier analytic work,
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as well as the validity of our current numerical results, which
agree with the analytic results in the appropriate limits.
A significant deviation of our exact results from those of
the approximate standard theory is related to the polarization
of the growing modes. For inclined propagation, in a direc-
tion not perpendicular to the field, and a small but realistic
field, ξB > 3× 10−8, the standard maser theory predicts cir-
cularly polarized modes with similar growth rates (see § 2.2,
Eq. 5). Our exacts results indeed show that the growing modes
are nearly circularly polarized for ξB = 10−3. However, the
growth rates of the two modes are not similar. We showed
in § 4.6 that this deviation is due to circularly polarized syn-
chrotron emission, which is neglected in the standard theory.
Our analysis, based on a direct solution for the zeros of the
exact dispersion equation, enabled us to compare the growth
rate of the maser mode to those of non-electromagnetic
modes. We find that the growth rate of Langmuir (electro-
static) waves is larger than that of the maser mode. The ra-
tio of Langmuir and maser modes growth rates is larger for
smaller ξB (∝ ξ−5/12B ). For ξB = 10−3, which is the small-
est value expected in the downstream of a collisionless shock,
the growth rate ratio is only a few. Thus, the maser mode
growth is not expected to be suppressed. Moreover, we have
investigated numerically in § 5 the nonlinear evolution of the
instability for ξB = 10−3, and found that the growth of both
the maser and Langmuir modes saturates at a similar energy
density of the waves, which is a few percent of the initial
(uniform) magnetic field energy density (the Langmuir modes
reach saturation faster).
Collisionless shock waves are responsible for a wide range
of high energy astrophysical phenomena. The analysis of this
paper implies that if such shocks produce hollow distribution
functions, then (i) the maser instability may play a signifi-
cant role in the thermalization of the particle distribution, and
(ii) a significant fraction of the shock energy may be radi-
ated away as electromagnetic waves at frequencies somewhat
higher than the plasma frequency. Such conversion is diffi-
cult to achieve in general, and it may lead to coherent radio
emission with very large brightness temperatures. In § 3 we
provide some order of magnitude estimates for the conditions
under which bright coherent maser radio emission may be ex-
pected. These estimates may be used as a guidance when
studying particular astrophysical sources/phenomena. Two
shock configurations were considered: a shock propagating
into a plasma at rest (i.e. not expanding relativistically, § 3.1),
and a shock propagating within a relativistically expanding
plasma (§ 3.2).
We find that coherent maser emission may be produced by
relativistic winds driven by black-holes over a wide range of
masses, provided that the energy flux is dominated by ki-
netic energy at the dissipation region. For example, minute
time scale L ∼ 1041erg/s radio bursts may be produced by
∼ 106M black holes. Possible sites for the generation of
observable maser radio emission may be produced by a shock
propagating into a non-relativistically-expanding plasma are
the hot corona regions around accretion disks near compact
objects. The plasma density may be large enough in such sys-
tems for a (mildly) relativistic shock to produce radio maser
emission, and the systems may be compact and hot enough to
avoid free-free absorption.
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